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We siﬂ a ihe emergence of collec(i,@ Y nchronixation in large direcied ng orks of heierogened L}
oscillaiors ¥ generalizing ihe classical Ki ramo o model of globall cd pled phase oscillaiors (©
more realisiic ngf orks. We ex‘(end recen, iheore ical approx. imaiions describing ihe (ransiiion (©

{

9 nchronixaiion in large ¥ ndirec(ed ng orks of cd pled phase oscilla[ors © ihe case of direcied
ne¥ orks. We also consider  he case of uy orksw iih mix ¢d posiiii‘e-negatiic ca pling sirengihs.
We compare db r heod W ih nd merical simd laions and 'nd good agreemern,. ® 2005 American

Institute of Physics. DOI: 10.1063/1.2148388
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I. INTRODUCTION

The classical K§ ramo, o model'>!* describes a colleciion

of globalll cd pled phase oscilla ors ha exhibi s a ransiion
from incoherence .0 & nchroniiaiion as ihe ca pling srengh
is increased pas a criiical < e. Since reaM orld né¥ orke
Jpicall hag a more complex s cdre han all;o-all
cab pling,">'¢ ic is nad ral (0 ask¥* ha, effec; in eracion s c-
¥ re has on .he & nchroniza ion irans' ion. In Ref. 12,% ¢
s¥ died -he Ki ramo,0 model all¥' ing general connec;i Y
of ihe nodes, and fa nd (hat for a large class of né¥ orks
ihere is s(ill a iransi[ion (© global & nchrony as ihe cé pling
s, reng h ex. ceeds a crijical @b e K. We fa nd ha, che criical
ca pling s rengh depends on (he larges eigen @b e of (he

adjacend mairix. A describing ihe ng ork connec(i{iiy . We
alro de gloped se (pral approx ima ions describing he beha
ior of an order parame; er meas ring ihe coherence pas the
transi{ion. This pas™ ork¥ as restricied (0 (he case i hich
Ann=An, 0, ih§ 9,9 ndirec.ed n¢¥ orks i hich  he cad -
pling iends (O reds ce ihe phase difference of ihe oscillators.

Mosii ng orks considered in applications are
direc ed, 1% “hich implies an a®y mme;ric adjacend marix,
Anm # Amn- Also, in some cases  he ca pling b&¥ een ¥t o
oscillaiors migh[ dri g (hemio be di of phase¥ hich can be
represened Y ally ing he ca pling (erm b&* een  hese os-
c1llat.0rs © be nega i, Anm L 0 The ef'feci iha( the presence
of direcced and mixed porii g-negaig connecions can
haip on ¢ nchroniza.ion is, iherefore, of inieres(. HereW e
sh¥ h¥ o rpre job s heod can be generalized ;o acca n;
for iheseW o fac ors. We s3 & examples in® hich ei her  he
a®y mme, 1Y of ihe adjacend matrix, or he effec( of ihe nega-
ii <$ conneciions are pariid larl se gre and compare ar (he—
oreical approx imaions¥ ih m merical soB (ions.

This paper is organized as foll s. In Sec. [V e re j¥
che red s of Ref. 12 for¥ ndireced n&¥ orks® i h posiig
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man) he erogened ¢ cal pled phase oscilla ors. This sid aion
can be modeled by ihe eq aiion
N

’/n=wn+k
m=1
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A graging o gr the fregh encies, one obiains ihe fre-
quency distribution approximation FDA

1
rh=k Aplfm 0zkr, 1 2z°dz. 13
m 1
The i e of ihe criiical ca pling s(rengih can be ob-
(ained from  he fregh endy disiriH (lon approx.ima ion B le -
(ing r,— 0%, prod cing

_k 0
r, = Anmlin s 14
Ko m

W here ky 2/ mg 0 . The criical cd pling srengh s
corresponds (©

Ko
ke= \ 15
W here \ i ihe largesi eigen@ﬂ e of ihe adjacend mairix A

and r¥ is proporiional O ihe corresponding eigen <$Cor of
A. BY considering periﬂ rba(ions from the criiical ades ar
I’n=rn0 +orp, ex.panding g zkr,, in Eq. 13 .o second order
for small arg men,, md LipV ing Eq. 13 W rn0 and § m-
ming o gr N e obtained an ex. pression for  he order param-
eer pas; (he transiiio'n i:alid. forlr7lé€' orksw iih relatiie]y ho-
mogenea ¢ degree dlsirllj (ions
2oomo ko kY

r-= 1 ,
ak} ke Ke

for 04 k/k, 1<1Ww he2r4115.078hj/F6.768598406.2813Tm2764444111..9.9789jﬂ:599TC—307.9h37859.disiriki(ions6.913Tm276444z
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he adjacend ma[rix is independen[]y chosen © be 1W iih
probabﬂl&}’ s and OW lih probablhi}’ 1 s, and he diagonal
elemen s are se. .0 sero. E gn thd gh ¢ he ne‘i\' ork con-
s ¥ ced in hisv & is direc ed, for mos, node- d; ddﬁ For
N=1500 and s=2/15, Fig. 1 a sh¥ s he a grage of he
order parame; er r? ob.ained from n merlcal so _ion of Eq
1 apraged or cen realizaions of he nd" ork and fre-
g encies riangles , he freq) endf dm rib} 1on approx. ima-
i10n FDA, solid 11ne , and he mean eld heoﬁ’ MFT, long
dashed line as a nctlon of k/ke W here he redli for he
FDA and he MFT are a graged 0$r ¢ he cen né¥ ork real—
ua(lons note h¥ e gr, haK he FDA and he MFT do no;
depend on  he freg enc)’ reah‘ailon' The perd rbailon
(heod Eq. 16 agreed® ih  he freqh endf d1~ir1bl ion ap-
prox imaiion and® as lefi for clariy. The error bar- cor-
respond 0 one s.andard de ga ion of  he sample of .en real-
1‘at1on~ We no,e haI he larger error bars ocd r afier he
ran~1i10n When (he @ﬂ es of he order parame.er are a gr-
aged o gren reali ,3110n~ of ihe ng¥ ork and the fregh encies
(he resd ]I' sh¥ g good agreemen™ ih  he freq) end’
dls rib 10n approx. 1matlon and he dlrec ed mean eld
heof/

In order 0 s & h¥ W ell dr heod describes single
reali ‘a‘lons,W e -h&)' in Fig. 1 b ihe order parameer r’
obialned from n merical soll ion of Eq. 1 for a parid lar
realiza ion of (he né¥ ork and freg encies boxes , (he ime
aieraged heorY -hor dashed line , and ihe fregp end dis-
rﬂi 10n approx 1ma[10n ~011q1 line as a nci10n of k/k¢. As
can be obser gd from (he Q re, in cory ras; w ]{h he 1me
a graged cheot, he fregh end d1~ rib 10n approx. nnailon
de jaes from che Ii merical sol t10n b(x es Y asmall b
noilceable amal n.. This beha or is obser @d for (he o/her
realiza.ions asW ell. We no.e .ha .he FDA and MFT re
are grii all idenical for all cen realizaions. On che o her

cdons Apg, bl no, .he fre

hand, Khe TAT and ihe res lis from direci n merical sod tion
of Eq. 1 sh®¥ dependence on (he reali ‘a[ion Since (he
FDA and MFT incorpora e (he reah?ailon' of he connec-
3 encies¥ e i erpre; ihe obser gd
reah,ailon dependence of ihe TAT and ihe dlreci sob 10n' of
Eq. 1 as 1ndlcaimg ihai ihe laﬁer dependence 13 & e prima-
ril o V¥chaions in he realizaions of he fregh encies
ra[her han o ] cil 3110n~ in ihe reah‘atlom of A
No e ha1 for d r example N=1500 and s=2/15 implies
(ha, on aierageW e hag d d¥ 200. Thi ¢ for compari-
son p rposes, ¥ e generaied an ¥ ndlrec ed ng¥ ork as fol-



d res, as in hed ndireced case, he @b es of (he a grage of
he order parame,er ob.ained from nd merical 'oﬂ 10n of Eq.

. The dlrecied peri rbailon heod gigs a good approx. i-
ma ion for small @ﬂ es of k cloqe (0 K¢, as expecied. On (he
oiher hand, . he direc.ed mean 'eld -heow predlc ra ran'l—

¢lon poinW hich is smaller (han  he one acii alll obser gd.



When nd mericall sol yng Eq. 32 W lierailon of Eq. 33,
on some occpsions a period¥ o orbi% as fa nd ing ead of
che desired ked p01nI ™ e denoe che le hand side of Eq.
33 B 2" and (he righ, hand side By f 2 w e fand cha
con grgence (0 a x.ed poinW as facilg aied B re lac1ng ihe
righ. hand qcb B ZJ +fz /2 and 'nding che xed poins
of h1~ modi 'ed & s s em

In chis example, a1 Iy cd pling srenghs ra ghlY
k/k.<4W here k. is com[ﬂ ed from Eq. 37  he order pa-
rame.er comph ed from nl Inerlcal so¥ .ion of Eq. 1 is
smaller  han  ha, obained from the TAT and FDA. As k
increases, h¥ e$r ¢ he TAT and FDA heorle' capi res he
a® mpy i1c e of he order parame(er r. We no;e hai in
(his case he a¥y mpio ic gWeis larger -han  ha, corre~pond—
1ng 0 pha~e locking 1i.e., -he one obiamed bY e mg =0
in Eq 35, r 054 0.46=0.08 W hichw e 1nd1caie B a
hori ;onial doi -dashed line in Fig. 4, and md ch smaller han
r=1, he @ﬂ e corresponding (0 no fi sraion ie., ¢n n
=0 for A, 0 and 7 for Anm 40 in Eq 35 The small
scale of _he hon,on(al ais fs de (O he fac haiW e are
plo ing r?, and {© ar de ’nlilon of he order pnrameier
w thh assigns a @l e of 1 .0 a nonfu ' ra ed con 'y ra ion.
The small @ﬂ e of he order parameer 1ndlca[e~ a srong
fb s ra ion.

We no;e hai in h1~ ex ample, in conira'W ]ih he ex-
amples disd ssed L0 faI here 1s @rlailon in he <l es of he
order parameer predlcied B he FDA for d1fferenI reah 7a-
i10n~ of he ng ork. This 1ndlcaie~ ¢ha;, ar (he ex pec ed
e of che cd pling srenghs Anpy become' small i.e.,
q 1/2 ~mall icii ions d e .0 he realiza ion of _he ne, -

W ork become nojiceable. ALhdl gh -he ¥ es prediced BY
(he FDA and TAT depend on (he reah sa ion of (he né)" ork
and fregh encies)* e noye for k/K ‘.6 (hese @ﬂ e' (rack
(he < es obser gd for (he m merical ~1 la[10n~ of he cor-
re~p0nd1ng reah;ailon A~ an ill s railon of _his W e plo. in
Fig. 5 (he < es of r? ob; ained from (he TAT '(ar' and  he
ades of r2 obained from che FDA diamonds gre s he
@H e obained from n merical sob ;ion of Eq. 1 for k/k
=8. Each p01r§ correspond 0 a gi gn realis a‘10n of ihe ne; -

W orkW ih res |+ a@raged 0 r cen realizaions of he fre-
@ encies. The ellipses & rrd ndmg he s ars TAT data ha ¢
<7 ical and horhon(al half¥ 1d‘h corre~p0nd1ng %% he ¢ s an-

dard de aion of r> TAT and r> simd laion for he cen
fregd end reali ‘ailon' The half¥ 1dih of he hori ‘onial bar~
on he diamonds FDA daa indicaes he candard de da ion
of r* simd laion



laiions in ng orksW ih a md ch larger ¥ mber of connec-
(ions per node, as che effec; of ¥ aionsW o 1d likeD be
red ced.

We also considered a case i?* hich he adjacendf ma,rix
is adf mme(ric and has mix ed posiiii@-negaii; connec(ions.
For N=1500 nodes ™ e consiﬂ ¢ed an adjacend marix B
seing i nondiagonal en(ries © L 1, and O¥ iih probabil-
19’ 8/45, 4, 45, and 11/15, respeciiigly. The lauer probabil-

Yields an expeced b mber of conneciions of 400. O r
iheoriesW ork saiisfaciori]y inihis cage, and, sinceihe res lis
are similario ihose in Fig. 3% e do no, sh¥ (hem. In . hie
case (here itno g aranee ihat ihere is a real eigen {@ﬂ e as
needed for esiima[ing ihe criiical ca pling sirengih in Eq.

15, or  ha  he larges, real eigen < eyﬂ‘ if ‘here is one has
ihe largesi real par;. mericall W e 'nd iha{ for ma(rices
cons.® ced as in  his ex ample  here is a real posiiiic eigen-
@ﬂ e and ihai’ 15 rihermore, li W ell separaied from ihe
largesfﬂ real par; of ihe remaining eigen ¥ es see] Fig. 6 . We
alto 'nd this for o her ¥ es of q progded q 3 is no; (00
small. We pro jde a disd ssion of ;his isd e and sh¥  he



of ihe nonzero en[ries being chosen randoml e.g., in ihe
Y mrneiric case, che posiiion of (he nonzero eniries ig chosen
W hen cons® ¢ing (he né* ork ¥sing  he con ’gl ra ion
model , and _.heir @ﬂ es being also de ,ermined randoml
from a gi gn probabili‘}’ disiribl iion e.g., W iih probabilig’
gand W ih probabiliy 1 q. Or ineres is fod sed on
(he gap bé¥ een  he larges. real eigen gl e if (here is one
and (he larges. real par, of ‘he o/her eigen ¥ es. In Ref. 23
ihe spec,®# m of cer(ain large sparse mairicesW i(h a grage
eigen@ﬁ eO0and ¥ $m _A,,=1% as described and a
ha ristic ana]yiical approach® as proposed. Using res Ls for
ma.rices* ih sero mean Ga ssian random e ries,24 Ref. 23
predics (ha, che specd m of (he non-Gal ssian random ma-
irices (hé’ consider consisis of airi Jal eigen gl e \=1w i(h
(he remaining eigen < er dis ribd ed ¥ niformlY in a circle
cen(ered a ihe origin of (he complex. plane® iih rads® ¢

r= Ne, Al

W here o7 is (he riance of -he enries of he marix. We 'nd
ha ihis approach also # cceeds in describing che speciﬂ m
of -he marices in o r examples. In db r case, the diagonal
eniries are O,rgso ihai (he a grage eigen @b e ir also 0 as in
Ref. 23. We ndihaI ihere is ¥ & spa largesi real eigen q¥ e
approxima.el gi gn B (he mean leld e

\=d?/d A2

see Refs. 12 and 25 W here Hn= N A and o = L?jﬁ,
W hich in he case congidered in Ref. 23 red ces (0 \=1.We
also m mericall con 'rm h ihe remaining eigen @ﬂ es are
¥ niform@ disirili ed in a circle of radd s 7 as described in
Ref. 23. This is ilﬁ siraﬁd in Fig. 6.

Th ¢ for N ;‘i} if \ r'ihere is a gap of size \ 1 be-
¥ een ihe largesi real eigen @B e and real par, of -he res; of
che eigen b e specd m. Using Eqs. Al and A2 i can be
sh¥ n ha, for né¥ orks" ih large end gh b mber of con-
neciions per node o% iih end gh posiii<;= or negaii@ bias
in he ca pling srengh, chere is a% ide separa;ion bé¥ een
ihe largesi eigen @¥ e and (he largesi real par; of (he remain-

ing eigen <gcore. For & mme.ric mairices, similar res) lis ap-
pY ie. he b1k of he specd m of he marx A can be
approx. imaie]y ob(ained as described abo ¢ ¥ sing Wigner’s
semicircle 1%
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